The number of essentially different square polyominoes of order n and minimum perimeter p(n) is enumerated.
Introduction
Suppose we are given n unit squares. What is the best way to arrange them side by side to gain the minimum perimeter p(n)? In [4] F. Harary and H. Harborth proved that p(n) = 2 2 √ n . They constructed an example where the cells grow up cell by cell like spirals for these extremal polyominoes (see Figure 1 ). In general, this is not Email address: sascha.kurz@uni-bayreuth.de (Sascha Kurz). URL: www.mathe2.uni-bayreuth.de/sascha (Sascha Kurz). the only possibility to reach the minimum perimeter. Thus the question arises to determine the number e(n) of different square polyominoes of order n and with minimum perimeter p(n) where we regard two polyominoes as equal if they can be mapped onto each other by translations, rotations, and reflections. We will show that these extremal polyominoes can be obtained by deleting squares at the corners of rectangular polyominoes with the minimum perimeter p(n) and with at least n squares. The process of deletion of squares ends if n squares remain forming a desired extremal polyomino. This process leads to an enumeration of the polyominoes with minimum perimeter p(n).
Theorem 1.
The number e(n) of polyominoes with n squares and minimum perimeter p(n) is given by
with s = ⌊ √ n⌋, and with r k , q k being the coefficient of x k in the following generating function r(x) and q(x), respectively. The two generating functions
The behavior of e(n) is illustrated in Figure 2 . It has a local maximum at n = s 2 + 1 and n = s 2 + s + 1 for s ≥ 1. Then e(n) decreases to e(n) = 1 at n = s 2 and s = s 2 + s. In the following we give lists of the values of e(n) for n ≤ 144 and of the two maximum cases e(s 2 + 1) and e(s 2 + s + 1) for s ≤ 49, 
Proof of Theorem 1
The perimeter cannot be a minimum if the polyomino is disconnected or if it has holes. For connected polyominoes without holes the property of having the minimum perimeter is equivalent to the property of having the maximum number of common edges since an edge which does not belong to two squares is part of the perimeter.
The maximum number of common edges B(n) is determined in [4] to be
Denote the degree of a square by the number of its edge-to-edge neighbors. There is a closed walk trough all edge-to-edge neighboring squares of the perimeter. Now we use the terms of graph theory [3] and consider the squares as vertices. So we can define H to be the cycle x 1 x 2 . . . x k x 1 where the x i are the squares of the above defined closed walk. For short we will set |H| = k in the following lemmas. We would like to mention that x i = x j with i = j is possible in this definition. An example is depicted in Figure 3 together with the corresponding graph of H. Let furthermore h i denote the number of squares x j in H having degree i in the given polyomino.
If a polyomino with minimum perimeter p(n) contains a square of degree 1 (i.e. h 1 > 0) then B(n) − B(n − 1) = 1. Considering the formula (⋆) for B(n), this is equivalent to n = s 2 + 1 or n = s 2 + s + 1 so that we can assume h 1 = 0 in general. In the following two lemmas we prove a connection between the number of common edges of a polyomino and |H|.
Proof. Consider the polygon connecting the centers of the squares of H. For 2 ≤ i ≤ 4 there is an inner angle of
in a square of degree i. The sum of the angles of an |H|-gon is (|H| − 2)π. Thus
implies the desired equation.
Lemma 2. If h 1 = 0 then the number m of common edges of squares of the polyomino is
Proof. Every inner square of the polyomino has 4 neighbors. Counting the common edges twice yields 2m = 4(n − |H|) + 2h 2 + 3h 3 + 4h 4 .
From Lemma 1 we obtain
In the next lemma we use the knowledge of |H| to bound the number of squares n of a polyomino.
Lemma 3.
For the maximum area A(|H|) of a polyomino with boundary H and h 1 = 0 we have
if |H| ≡ 2 (mod 4).
Proof. Because of Lemma 2 the integer |H| has to be an even number. Consider the smallest rectangle surrounding a polyomino and denote the side lengths by a and b. Using the fact that the cardinality of the boundary H of a polyomino is at least the cardinality of the boundary of its smallest surrounding rectangle we conclude |H| ≥ 2a + 2b . The product yields the asserted formula. Now we use the fact that we deal with polyominoes with minimum perimeter p(n) and compute |H| as a function of n.
Lemma 4.
For a polyomino with h 1 = 0 and with minimum perimeter p(n) we have |H| = 2 2 √ n − 4.
Proof. Since for connected polyominoes without holes the property of having minimum perimeter p(n) is equivalent to the property of having the maximum number B(n) of common edges, we can use B(n) = 2n − 2 √ n and Lemma 2.
After providing those technical lemmas we give a strategy to construct all polyominoes with minimum perimeter.
Lemma 5.
Each polyomino with h 1 = 0 and minimum perimeter p(n) can be obtained by deleting squares of a rectangular polyomino with perimeter p(n) consisting of at least n squares.
Proof. Consider a polyomino P with boundary H and minimum perimeter p(n). Denote its smallest surrounding rectangle by R. If the cardinality of the boundary of R is less than |H| then P does not have the minimum perimeter due to Lemma 2 and due to the fact that m = B(n) is increasing. Thus |H| equals the cardinality of the boundary of R and P can be obtained by deleting squares from a rectangular polyomino with perimeter p(n) and with an area at least n. Only squares of degree 2 can be deleted successively if the perimeter does not change.
For the following classes of n with s = ⌊ √ n⌋ we now characterize all rectangles being appropriate for a deletion process to obtain P with minimum perimeter p(n).
(i) n = s 2 . From Lemmas 3 and 4 we know that the unique polyomino with minimum perimeter p(n) is indeed the s × s square.
(ii) n = s 2 + t, 0 < t < s. Since
Lemma 4 yields |H| = 4s − 2. Denote the side lengths of the surrounding rectangle by a and b. With 2a + 2b − 4 = |H| = 4s − 2 we let a = s + 1 + c and b = s − c with an integer c ≥ 0. Since at least n squares are needed for the delation process we have ab ≥ n, yielding
(iii) n = s 2 + s. The s × (s + 1) rectangle is the unique polyomino with minimum perimeter p(n) due to Lemmas 3 and 4.
(iv) n = s 2 + s + t, 0 < t ≤ s. Since
Lemma 4 yields |H| = 4s. Again a and b denote the side lengths of the surrounding rectangle and we let a = s + 1 + c and b = s + 1 − c with an integer c ≥ 0. The condition ab ≥ n now yields
We remark that the deletion process does not change the smallest surrounding rectangle since ab−n < b, that is the number of deleted squares is less than the number of squares of the smallest side of this rectangle.
In Lemmas 1, 2, 4, and 5 we have required h 1 = 0. We now argue that all polyominoes with h 1 > 0 and with minimum perimeter p(n) are covered by the deletion process described above ((i)-(iv)).
Lemma 6. The construction of Lemma 5 also yields all polyominoes with minimum perimeter p(n) when h 1 > 0. Proof. Any square of degree 1 determines two cases, n = s 2 + 1 or n = s 2 + s + 1. (See the remark preceeding Lemma 1.) The deletion of this square leaves a polyomino P with minimum perimeter p(n − 1). In the first case P has the shape of the s × s square as in (i). Thus we get the original polyomino by deleting s − 1 squares from the s × (s + 1) rectangle and this is covered in (ii). In the second case P has the shape of the s × (s + 1) rectangle as in (iii). Thus we get the original polyomino by deleting s − 1 squares from the s × (s + 2) rectangle or by deleting s squares from the (s + 1) × (s + 1) square, and this is covered in (iv). So far we have described those rectangles from which squares of degree 2 are removed. Now we examine the process of deleting squares from a rectangular polyomino. Squares of degree 2 can only be located in the corners of the polyomino. What shape has the set of deleted squares at any corner? There is a maximum square Figure 4 . Shape of the deleted squares at the corners.
of squares at the corner, the so called "Durfee square", together with squares in rows and columns of decreasing length from outside to the interior part of the polyomino. To count the different possibilities of the sets of deleted squares with respect to the number of the deleted squares we use the concept of a generating function
Here the coefficient f i gives the number of different ways to use i squares. Since the rows and columns are ordered by their lengths they form Ferrer's diagrams with generating function [2] . So the generating function for the sets of deleted squares in a single corner is given by
Later we will also need the generating function s(x) for the sets of deleted squares being symmetric with respect to the diagonal of the corner square. Since such a symmetric set of deleted squares consists of a square of k 2 squares and the two mirror images of a Ferrer's diagrams with height or width at most k we get
We now consider the whole rectangle. Because of different sets of symmetry axes we distinguish between squares and rectangles. We define generating functions q(x) and r(x) so that the coefficient of x k in q(x) and r(x) is the number of ways to remove k squares from all four corners of a square or a rectangle, respectively. We mention that the coefficient of x k gives the desired number only if k is smaller than the small side of the rectangle.
Since we want to count polyominoes with minimum perimeter up to translation, rotation, and reflection, we have to factor out these symmetries. Here the general tool is the lemma of Cauchy-Frobenius, see e.g. [5] . We remark that we do not have to consider translations because we describe the polyominoes without coordinates.
Lemma (Cauchy-Frobenius, weighted form). Given a group action of a finite group G on a set S and a map w : S −→ R from S into a commutative ring R containing Q as a subring. If w is constant on the orbits of G on S, then we have, for any transversal T of the orbits:
where S g denotes the elements of S being fixed by g, i.e.
S g = {s ∈ S|s = gs} .
For G we take the symmetry group of a square or a rectangle, respectively, for S we take the sets of deleted squares on all 4 corners, and for the weight w(s) we take x k , where k is the number of squares in s. Here we will only describe in detail the application of this lemma for a determination of q(x). We label the 4 corners of the square by 1, 2, 3, and 4, see Figure 5 . In Table 1 permutations g of the symmetry group of a square, the dihedral group on 4 points, together with the corresponding generating functions for the sets S g being fixed by g. Table 1 . Permutations of the symmetry group of a square together with the corresponding generating functions of S g .
The generating function of the set of deleted squares on a corner is a(x). If we consider the configurations being fixed by the identity element (1)(2)(3)(4) we see that the sets of deleted squares at the 4 corners are independent and so |S (1)(2)(3)(4) | = a(x) 4 . In the case when g = (1, 2, 3, 4) the sets of deleted squares have to be the same for all 4 corners and we have |S (1,2,3,4) | = a(x 4 ). For the double transposition (1, 2)(3, 4) the sets of deleted squares at corners 1 and 2, and the sets of deleted squares at corners 3 and 4 have to be equal. Because the sets of deleted squares at corner points 1 and 3 are independent we get |S (1,2)(3,4) | = a(x 2 ) 2 . Next we consider g = (1)(2, 4)(3) . The sets of deleted squares at corners 2 and 4 have to be equal. If we apply g on the polyomino of the left hand side of Figure 5 we receive the polyomino on the right hand side and we see that in general the sets of deleted squares at corners 1 and 3 have to be symmetric. Thus |S (1)(2,4)(3) | = s(x) 2 a(x 2 ). The other cases are left to the reader. Summing up and a division by 8 yields
(a(x) 4 + 3a(x 2 ) 2 + 2s(x) 2 a(x 2 ) + 2a(x 4 )) .
For the symmetry group of a rectangle we analogously obtain r(x) = 1 4 a(x) 4 + 3a(x 2 ) 2 .
With Lemma 6, the preceeding characterization of rectangles being appropriate for a deletion process and the formulas for a(x), s(x), q(x), and r(x) we have the proof of Theorem 1 at hand.
We would like to close with the first entries of a complete list of polyominoes with minimum perimeter p(n), see Figure 6 .
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